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1 Introduction

How far can we push weak solutions? We have de�ned a weak derivative, which may go well beyond just
Sobolev spaces, and we have also observed that there are some interesting objects that behave like measures.
Our case-in-point is the heat kernel Ht(x), which converged pointwise as t→ 0 to{︄

∞ x = 0
0 else

but when we measured it via integration, limt→0

∫︁
Ht(y)f(x − y)dy = f(x), so this limit acts like the

probability distribution assigning probability 1 to 0 and probability 0 to everything else. We noticed before
that Ht looked like a derivative of a smoothed-out step function, so we are saying that this �point density�
looks like the derivative of the step function (which is not di�erentiable, so we may try using weak de�nitions).

Surely, the weird pointwise behavior isn't enough to describe this, because we can generate other functions
with the same pointwise behavior where this fails. We can see this behavior arise in another way physically,
in electrostatics, through Coulomb's law.

1.1 Model: Coulomb's Law

Charles-Augustin de Coulomb published an empirical observation of electristatics in the 18th century,
describing that a particle with electric charges q0 located at the origin generates an electric �eld given by

E(x) = kq0x

|x|3

for a constant k. Recall that Gauss' law also told us ∇ · E = 4πkρ. The weird part about this condition is
that, except at x = 0,

∇ · x

|x|3
=

∇ · x
|x|3

− 3x

|x|4
∇|x| = 0

so the behavior on a null set must somehow cause Gauss' law. We rectify this by using the weak form of
Gauss' law,

∫︂
R3

E · ∇ψdx = −4πk

∫︂
R3

ρψdx

for all test functions ψ. As long as we exclude the origin, we can integrate by parts, so we write∫︂
R3

E · ∇ψdx = lim
ϵ→0

∫︂
|x|≥ϵ

E · ∇ψdx

= lim
ϵ→0

∫︂
|x|=ϵ

ν · EψdS = −
∫︂
|x|=ϵ

kq0
ϵ2
ψdS

= −4πkq0ψ(0)
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so this requires

∫︂
R3

ρψdx = q0ψ(0)

another instance of a point density.

Learning Objectives:

� De�ne a distribution and compute distributional derivatives and limits.

� De�ne fundamental solutions, use them to solve PDEs.

� Compute Green's functions on some domains.

2 De�nitions, Convergence, Derivatives

The theory of distributions was developed independently in the mid-20th century by Sergei Sobolev and
Laurent Schwartz, as the concept of the dual to the test functions.

A distribution on a domain Ω ⊂ Rn is a linear function C∞
c (Ω) → C that is continuous. We write the

function as u, and write evaluations as pairings (u, ψ).
By continuity here, we mean that if {ψn} → ψ in C∞

c , then (u, ψn) → (u, ψ), where converging in C∞
c (Ω)

means that there exists some compact K so all the ψn are supported in K and all of their partial derivatives
converge uniformly to those of ψ on K.

We denote the space of distributions by D′(Ω) (the prime signifying dual). Notice that L1
loc(Ω) ⊂ D′(Ω)

via

(f, ψ) =
∫︂
Ω

fψdx

and we have also seen the Dirac delta (δx, ψ) = ψ(x).
We may place the weak topology on D′(Ω), by stating uk → u in D′(Ω) if

lim
k→∞

(uk, ψ) = (u, ψ)

for all ψ ∈ C∞
c . We may �nally formalize the idea behind the heat kernel:

[2.1] Given f ∈ L1(Rn) satisfying
∫︁
Rn fdx = 1, de�ne fa(x) = anf(ax). Then,

lim
a→∞

fa = δ0

as a distributional limit.

Proof.  For ψ ∈ C∞
c (Rn),

(fa, ψ) =
∫︂
Rn

anf(ax)ψdx =
∫︂
Rn

f(x)ψ(x/a)dx

so

|(fa, ψ)− ψ(0)| ≤
∫︂
Rn

|f(x)(ψ(x/a)− ψ(0))|dx

We now use the decay of f and the continuity of ψ. Pick ϵ > 0. Assume |ψ| ≤M . Then, we may �nd R
so ∫︂

|x|>R

|f |dx ≤ ϵ

2M
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2 DEFINITIONS, CONVERGENCE, DERIVATIVES

and δ > 0 so |ψ(y)− ψ(0)| < ϵ/2 for |y| < δ. Setting a ≥ R/δ,∫︂
Rn

|f(x)(ψ(x/a)− ψ(0))|dx ≤
∫︂
|x|>R

|f |(2M)dx +
∫︂
|x|≤R

|f |ϵ/2dx < ϵ

so (fa, ψ) → ψ(0) as desired. ∎

Remark: This is a version of molli�cation, a process introduced by Kurt Otto Friedrichs in 1944.
We may also extend many operations to D′. Because the idea of the integral pairing is so central to the

construction of the distributions, we de�ne many operations by mimicking that case. For example, when
f ∈ C∞(Ω), we de�ne uf to be the distribution so

(uf, ψ) = (u, fψ)

for all ψ. Similarly, we de�ne the distributional derivative ∂αu to be the distribution

(∂αu, ψ) = (u, (−1)|α|∂αψ)

Example: Notice that ∫︂
R
−1[0,∞)ψ

′dx =
∫︂ ∞

0

−ψ′(x)dx = ψ(0)

so that
d

dx
(−1[0,∞)) = δ0

as distributions. We may compute further derivatives by noticing

(∂αδ0, ψ) = (−1)|α|∂αψ(0)

Example:
The function ln |x| is locally integrable and so it de�nes a distribution on R. We may expect the distri-

butional derivative to be 1
x for x ̸= 0, but this is not locally integrable. To understand this, we go back to

the integral pairing:

∫︂
R
−ψ′ ln |x|dx := lim

ϵ→0
−
∫︂
|x|≥ϵ

ψ′ ln |x|dx

= lim
ϵ→0

∫︂
|x|≥ϵ

ψ(x)

x
dx + [ψ(ϵ)− ψ(−ϵ)] ln(ϵ)

= lim
ϵ→0

∫︂
|x|≥ϵ

ψ(x)

x
dx

since

lim
ϵ→0

[ψ(ϵ)− ψ(−ϵ)] ln(ϵ) = ψ′(0) lim
ϵ→0

2ϵ ln |ϵ| = 0

The limit de�nition of the integral is given a special name, the principal value distribution PV [x−1], and
only converges because it is taken symmetrically.

Example:
Gauss' law from the introduction, combined with Coulomb's law, may be rewritten as

∇ · x

|x|3
= 4πδ
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3 Fundamental Solutions

Imagine we have a matrix L, and vectors fi so Lfi = ei. How do we solve Lf = v? We superimpose
solutions f =

∑︁
vifi so Lf =

∑︁
viei = v.

Now, if instead we have a di�erential operator L and solutions Φx so LΦ = δ0, we can solve Lu = f by
superimposing solutions

u(x) =
∫︂

Φx(y)f(y)dy

Then, as long as we are justi�ed in swapping the integral and derivatives,

Lu =
∫︂
LΦx(y)f(y)dy = f(x)

as desired. We therefore call the solution Φx the fundamental solution at x. With linear operator L, we only
need to compute Φ0 and notice Φx(y) = Φ0(x− y) (so we have a convolution above).

We're treating the fundamental solution like a function here, but that may not always be so. To justify
these actions, we need to consider convolutions with distributions and how distributional derivatives work
with convolutions.

In the �rst case, when f, g ∈ L1
loc(Rn) and ψ ∈ C∞

c (Ω),

(f ∗ g, ψ) =
∫︂ ∫︂

f(y)g(x− y)ψ(x)dydx =
∫︂
f(y)

∫︂
g(y − x)ψ(x)dxdy

so that we may move the convolution o� f and onto ψ by taking g−(x) = g(−x). Then,

(f ∗ g, ψ) = (f, g− ∗ ψ)

Using the right hand side, we may de�ne the convolution of u ∈ D′(Rn) and a test function ϕ ∈ C∞
c (Rn)

by

(u ∗ ϕ, ψ) = (f, ϕ− ∗ ψ)

for all ψ ∈ C∞
c (Rn). In particular, the δ0 distribution gives

(δ0 ∗ ϕ, ψ) = ϕ− ∗ ψ(0) = (ϕ, ψ)

so δ0 ∗ ϕ = ϕ.
For the second complication, we have the following

[3.1] For w ∈ D′(Rn) and ψ ∈ C∞
c (Rn),

Dα(w ∗ ψ) = (Dαw) ∗ ψ = w ∗ (Dαψ)

Proof:

For ϕ, ψ both test functions,

Dα(ϕ ∗ ψ) = Dα

∫︂
Rn

ϕ(x− y)ψ(y)dy

=

∫︂
Rn

Dαϕ(x− y)ψ(y)dy = (Dαϕ) ∗ ψ

as desired. Next, for w ∈ D′(Rn) and ϕ, ψ ∈ C∞
c (Rn),

(Dα(w ∗ ϕ), ψ) = (−1)|α|(w ∗ ϕ,Dαψ) = (−1)α(u, ϕ− ∗Dαψ) = (−1)α(u,Dα(ϕ− ∗ ψ))
= ((Dαu), ϕ− ∗ ψ) = ((Dαu) ∗ ϕ, ψ)
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or

(−1)α(u,Dα(ϕ− ∗ ψ)) = (u,Dαϕ− ∗ ψ) = (u ∗Dαϕ, ψ)

as desired.
Q.E.D.

[3.2] For ϕ ∈ C∞
c (Rn), u ∈ D′(Rn), u ∗ ϕ ∈ C∞(Rn).

Proof:

We claim that

u ∗ ϕ = ⟨u, ϕ(x− ·)⟩

so it is a function. Then, the above result shows it is smooth. To prove this is a function, notice
that for ψ ∈ C∞

c , we have

lim
m→∞

∑︂
x∈ 1

mZn

1

m
ψ(x)ϕ(x− ·) =

∫︂
Rn

ψ)xϕ(x− ·)dx

where the limit converges in C∞
c . Then,

⟨⟨u, ϕ(x− ·)⟩, ψ⟩ =
∫︂
⟨u, ϕ(x− ·)⟩ψ(x)dx = ⟨u,

∫︂
ϕ(x− ·)ψ(x)dx⟩

= ⟨u, ϕ− ∗ ψ⟩ = ⟨u ∗ ϕ, ψ⟩

as desired.
Q.E.D.

We now formally state our heuristic

[3.3] If L is a constant coe�cient operator on Rn with fundamental solution Φ ∈ D′(Rn) satisfying LΦ = δ0,
then for f ∈ C∞

c (Rn),

Lu = f

is solved by

u = Φ ∗ f

Proof:

Let

Lf =
∑︂

|α|≤m

aαD
αf

Then,

L(Φ ∗ f) =
∑︂

|α|≤m

aαD
α(Φ ∗ f) = (LΦ) ∗ f = δ0 ∗ f = f

Q.E.D.
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3.1 Laplace Solution

To motivate our fundamental solution, we recall that the Laplacian is rotationally invariant. It may then
make sense to try to reduce to an ODE in r, in which case we have

r1−n∂r(r
n−1∂rρ) = ∂2rρ +

n− 1
r

∂rρ = δ0

From Coulomb's law in the introduction, we saw that 1
Cr gives a solution in 3D for the right constant.

We then may try a general monomial rl, in which case

(l)(l − 1)r−l−2 + (n− 1)(l)r−l−2

is only zero for r ̸= 0 if l = 2− n. We then must check at r = 0:
[3.4] On Rn, the operator −∆ has the fundamental solution

Φ(x) =
{︄
− 1

2π ln(r) n = 2
1

(n−2)Anrn−2 n ≥ 3

for An = vol(B(0, 1)) in Rn.

Proof:

We wish to show

(−∆Φ, ψ) = ψ(0)

for all test functions ψ ∈ C∞
c (Rn).

First, we notice that

∇Φ(x) = − x

Anrn

Assume momentarily that Φ were smooth. Then, we may use Green's identity∫︂
Rn

∆Φψdx = −
∫︂
Rn

∇Φ · ∇ψdx

=
1

An

∫︂
Rn

x

rn
· ∇ψdx

=
1

An

∫︂
Rn

1

rn−1
∂rψdx

=
1

An

∫︂
Sn−1

∫︂ ∞

0

∂rψdrdS = −ψ(0)

as desired.
However, since we have a singularity, we instead use a pair of tricks to unravel this more nicely.

First, (−∆Φ, ψ) = (Φ,−∆ψ) by the de�nition of distributional derivatives. Then,∫︂
Rn\B(0,ϵ)

Φ∆ψdx = −
∫︂
Rn\B(0,ϵ)

∇Φ · ∇ψdx−
∫︂
∂B(0,ϵ)

Φη · ∇ψdS

On the left-hand side, we notice that

lim
ϵ→0

∫︂
Rn\B(0,ϵ)

Φ∆ψdx =
∫︂
Rn

Φ∆ψdx

since Φ∆ψ is locally integrable. On the right-hand side, Φ(ϵ) = Cϵ2−n and ∂B(0, ϵ) is proportional
to ϵn−1, so ∫︂

∂B(0,ϵ)

Φη · ∇ψdS ≤ Cϵ
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and this term disappears as ϵ→ 0. Lastly,

−
∫︂
Rn\B(0,ϵ)

∇Φ · ∇ψdx = 1

An

∫︂
§n−1

∫︂ ∞

ϵ

∂rψdrdS = −ψ(ϵ)

exactly as in the above calculation. As ϵ → 0, this approaches ψ(0) by continuity. Putting these
together,

(−∆Φ, ψ) = −
∫︂
Rn

Φ∆ψdx = ψ(0)

as desired.
Q.E.D.

When the domain is not Rn, it becomes a bit harder to use this symmetry to our advantage. George
Green developed a method for doing so in 1828, by connecting fundamental solutions to boundary value
problems through an integral formula.

Let Φ be the fundamental solution of the Laplacian on Rn given above. Let Φy(x) = Φ(x− y).

[3.5] Green's Representation Formula Suppose that Ω ⊂ Rn is a bounded domain with piecewise C1

boundary. For u ∈ C2(Ω),

u(y) = −
∫︂
Ω

Φy∆udx +
∫︂
∂Ω

[Φy∂ηu− u∂ηΦy] dS

for y ∈ Ω.

Proof:

Because the point y is �xed, we assume y = 0. Pick some ϵ > 0 small enough so B(0, ϵ) ⊂ Ω. Then,
on Ω−B(0, ϵ), Φ is smooth and has ∆Φ = 0. We then have∫︂

Ω−B(0,ϵ)

Φ∆udx =
∫︂
∂Ω

(Φ∂ηu− u∂ηΦ) dS+∫︂
∂B(0,ϵ)

(Φ∂ηu− u∂ηΦ) dS

Because ∆u is continuous and Φ is locally integrable,

lim
ϵ→0

∫︂
Ω−B(0,ϵ)

Φ∆udx =
∫︂
Ω

Φ∆udx

so to prove the representation formula, we need to show

lim
ϵ→0

∫︂
∂B(0,ϵ)

(Φ∂ηu− u∂ηΦ) dS = u(0)

We treat the two terms separately. First, ∇u is bounded on Ω, so we take

|∂ηu| ≤ |∇u| ≤M

so

|
∫︂
∂B(0,ϵ)

Φ∂ηudS| ≤
M

n− 1ϵ

(or Mϵ ln(ϵ) if n = 1), which disappears as ϵ→ 0.
However, ∂ηΦ = ∂rΦ = − 1

Anrn−1 implies

−
∫︂
∂B(0,ϵ)

u∂rΦdS = 1

|∂B(0, ϵ)|

∫︂
∂B(0,ϵ)

udS
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which converges to u(0) as ϵ→ 0 by continuity.
Q.E.D.

The original goal of this representation formula was to solve the Poisson problem with inhomogeneous
Dirichlet boundary condition. Suppose there exists a family of functions Hy ∈ C2(Ω) for y ∈ Ω such that

∆Hy = 0
Hy|∂Ω = Φy|∂Ω

Then, Gy = Φy − Hy has homogeneous boundary conditions and has ∆Gy = δy in Ω. This is called the
Green's function for Ω. The following formula connects this form to the Poisson solution

[3.6] Suppose Ω ⊂ Rn is a bounded domain with piecewise C1 boundary condition that admits Green's
function Gy. For f ∈ C0(Ω) and g ∈ C0(∂Ω),

−∆u = f

u|∂Ω = g

Let u be a C2 solution. Then, we have that

u(y) = −
∫︂
Ω

fGydx−
∫︂
∂Ω

g∂ηGydS

Proof:

By Green's second identity, ∫︂
Ω

Hy∆u− u∆Hydy =
∫︂
∂Ω

Hy∂ηdS

Using the representation formula,

u(y) = −
∫︂
Ω

Φy∆udx +
∫︂
∂Ω

[Φy∂ηu− u∂ηΦy] dS

= −
∫︂
Ω

Φy∆udx +
∫︂
∂Ω

−u∂ηΦydS +
∫︂
Ω

Hy∆udy +
∫︂
∂Ω

u∂ηHydS

which, combining terms, is the formula above.
Q.E.D.

Remark: In the case that we don't know we have a solution, this gives us a candidate solution. Assume,
for f and g given, that u is given by the formula above. In many situations, this will give a solution. We
shall demonstrate two cases below where this formula aligns with our previous solution formulas.

The method of images is a trick to help compute the Green's function. It involves trying to place charges
outside of the working domain to cancel the boundary terms of the normal fundamental solution. In general,
we try to construct Gy(x) by starting with Φ(x− y) (a charge at y), then �nding locations {ȳj} outside of
Ω and magnitudes (charges) qj so ∑︂

j

qjΦ(x− ȳj)

exactly equals Φ(x− y) for x ∈ ∂Ω.
Therefore,

Gy(x) = Φ(x− y)−
∑︂
j

qjΦ(x− ȳj)
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disappears on the boundary. Further, since ȳj /∈ Ω,
∑︁

j qjΦ(x − ȳj) is harmonic and C2 on Ω. This is
precisely Hy(x) as we described above.

The problem then reduces to �nding qj and ȳj as above. In the following two examples, we shall take
advantage of the fact that Φ is radial and pick ȳ so that the relationship between |x−y| and |x− ȳ| is simple
when x ∈ ∂Ω.

Example: The Half-Plane

If we consider Ω = Rn
+ = {x ∈ Rn | xn > 0}, then the boundary has xn = 0. Hence,

Φ(y − x) = Φ(y − x̄)

for y ∈ ∂Rn
+ and x̄ = (x1, ..., xn−1,−xn) the re�ection across the boundary. Therefore, we set

Gy(x) = Φ(y − x)− Φ(y − x̄)

to remove boundary conditions. Notice that since x̄ is outside of the domain, Φ(y − x̄) is harmonic and we
satisfy the di�erential condition as well.

To use this de�nition in the representation formula, we only need to compute

∂ydGy(x) = − 1

nAn

yn − xn

|y − x|n
+

1

nAn

xn + yn

|y − x̄|n

so that for y = (y′, 0) and x = (x′, xn),

η(y) ·DyGy(x) =
2xn

nAn

1

(|y′ − x′|2 + (xn)2)n/2

For example, a harmonic function u with boundary condition g on the upper half plane has, for continuous
bounded g,

u(x) = 2xn

nAn

∫︂
Rn−1

g(y′)

(|y′ − x′|2 + (xn)2)n/2 dy
′

Example: The Unit Ball in R2

A similar re�ection argument gives the Green's function on B(0, 1), where the re�ection instead must be
taken across the circle. For x ∈ B(0, 1), this re�ection is

x̃ = x

|x|2

Then, for y ∈ ∂B(0, 1),

|x̃− y|2 = | x
|x|2

− y|2 = |x− |x|2y
|x|2

|2 =
1

|x|4
(|x|4 − 2x · y|x|2 + |x|2)

but

|x− y|2 = |x|2 − 2x · y + 1

then implies

|y − x| = |x||y − x̃|
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Since Φ(x) = − 1
2π ln |x|, taking Φ(y − x)− Φ(y − x̃) gives

Gy(x) =
{︄
− 1

2π ln
(︂

|y−x|
|x||y−x̃|

)︂
x ̸= 0

= 1
2π ln |y| x = 0

In this version, the outward normal is simply y, so we compute (for r = |y|)

∂r ln(|y − x|) = y · ∇ ln |y − x| = y · y − x

|y − x|2
=

1− x · y
|y − x|2

and so, subtracting a similar term,

∂rGy(x) = − 1− |x|2

2π|y − x|

The formula for a harmonic u with boundary value g is then

u(x) = 1

2π

∫︂
∂B(0,1)

1− |x|2

|x− y|2
g(x)dS(x)

(In polar coordinates, this is the Poisson formula we derived in lecture 8).

4 Time-Dependent Fundamental Solutions

We adapt to the time dependence by considering families of distributions, indexed by time. In other
words, we have a map R → D′(Rn) by t ↦→ wt. This map is di�erentiable with respect to time if there is a
family ∂twt ∈ D′(Rn) so

d

dt
(wt, ψ) = (∂twt, ψ)

for all ψ ∈ C∞
c (Rn).

4.1 Forward Fundamental Solutions

Assume for a moment that we want to de�ne a general fundamental solution as we did above for the
ODE ∂tu(t) +A(t)u(t) = f . This may look like a function or distribution Fs(t) so

d

dt
Fs(t) +A(t)Fs(t) = δs t ∈ R

In linear cases, Fs(t) = F (t− s), which greatly reduces our solving load.
Now, presume we want to add spatial variables and we want to restrict to looking forward in time. This

poses a bit of an issue. What happens if t < s? This function would no longer be de�ned and so we can only
have the solution be forward-in-time, i.e. the fundamental solution Fs(t) is only de�ned for s > t. We can
solve this by enforcing Fs(t) = 0 for t < s (a forward-in-time support property). In other words, we would
solve for the forward fundamental solution

{︄
d
dtFs(t) +A(t)Fs(t) = δs t ∈ R
Fs(t) = 0 t < s
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How do we create a solution from this? We relate it back to the solution in all time, and use the forward
support property to create a jump at time t = s that we can exploit to make a δ0 show up. More precisely,
let Gs(t) have

∂tGs(t) +A(t)Gs(t) = 0 t ∈ R
Gs(s) = 1

De�ne

Fs(t) =
{︄
0 t < s

Gs(t) t ≥ s

Then,

⟨(∂t +A(t))Fs, ψ⟩ = ⟨Fs, (−∂t +A(t))ψ⟩

=

∫︂ ∞

s

Gs(t)(−∂t +A(t))ψ(t)dt = ψ(s)−
∫︂ ∞

s

0dt = ψ(s)

as desired. Notice that, in computations, we use Gs(t).
When we're looking for a fundamental solution of a forward-in-time PDE, we often de�ne our fundamental

solutions using this ODE for Gs(t), where we replace the 1 with a δ0 to account for the fact that we have
spatial variables. This is enough for our solution formulas.

We now call Wt a fundamental solution of ∂t + L if

∂tWt + LWt = 0
Wt|t=0 = δ0

Considering

Fs =

{︄
0 t < s

Wt−s t > s

would give the forward fundamental solution discussed above.
or a solution to

∂2t + L

if

∂2tWt + LWt = 0
Wt|t=0 = 0

∂tWt|t=0 = δ

4.2 Heat Equation

The heat equation fundamental solution is simple for us because we already found a convolution solution
formula

u(t, x) =
∫︂
Rn

Ht(x− y)h(y)dy

Therefore, we would guess that Ht(x) is the fundamental solution. We have proven with some e�ort in
the past that

lim
t→0

∫︂
Ht(x)g(x) = g(0)
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4.3 Wave Equation (1D) 4 TIME-DEPENDENT FUNDAMENTAL SOLUTIONS

when g is continuous, so this certainly holds for test functions, which implies

lim
t→0

Ht(x) = δ0

as distributions. We also constructed Ht(x) to be a solution to the heat equation. A more historically
accurate presentation of the material would have waited to de�ne Ht(x) until this point, and only solved the
heat equation with separation of variables until now.

To match the forward fundamental solution even further, recall that with a forcing term

(∂t − ∆)u(t, x) = f

u|t=0 = 0

we solve with

u(t, x) =
∫︂ t

0

∫︂
Rn

Ht−s(x− y)f(s, y)dyds = [H+
s (y) ∗s,y f(s, y)](t, x)

for H+ the forward fundamental solution generated from Ht(x).

4.3 Wave Equation (1D)

Recall D'Alembert's formula

u(t, x) = 1

2
[g(x + t) + g(x− t)] + 1

2

∫︂ x+t

x−t

h(τ)dτ

=
1

2
[g(x + t) + g(x− t)] + 1

2
1[−t,t] ∗ h(x)

where we have converted the integral to a convolution. Further, notice that

∂t1[−t,t](x) = δt + δ−t

since

d

dt
(1[−t,t], ψ) =

d

dt

∫︂ t

−t

ψ(x)dx = ψ(t) + ψ(−t)

Then,

u(t, x) = 1

2
g ∗ ∂t1[−t,t] +

1

2
1[−t,t] ∗ h

this motivates us to guess that Wt =
1
21[−t,t].

Before we make more computations, notice that

∂t(δt, ψ) = ∂tψ(t) = ψ′(t) = (−δ′t, ψ)

Using this for a test function ψ,

(∂2tWt, ψ) =
1

2
(δ′−t − δ′t, ψ) =

1

2
[−ψ′(t) + ψ′(−t)]

while

(∂2xWt, ψ) = (Wt, ∂
2
xψ) =

1

2

∫︂ t

−t

ψ′′dx = 1

2
[ψ′(t)− ψ′(−t)]
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by the Fundamental Theorem of Calculus. Therefore,

∂2tWt − ∂2xWt = 0
Wt|t=0 = 0

∂tWt|t=0 = δ0

as desired.
Fundamental solutions to higher-dimensional wave equations are known, but take an awkward form that

arises from studying homogeneous distributions, so we will not display the general case here. For example,
in 3D the solution is

Et(x) = − 1

2π
1(0,∞)(t)δ0(t

2 − |x|2)
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